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r? ‘ ’ Problem-Solving
. : _ 9
Effects of Representation and Organizational Features

of Text on Difficulty in Mathematical Problem-Solving

~

Developing thevability to recognize, make inferences, and solve
problems is an important goal*at all levels of formalized schooling-—
from kindergarten through graduate school Associate d with meeting this
objective are the rasks of identifying students Knowledge of skills
related to problem—solving and determining effective instructional means

'for developing these abilities.’”For problem-solving in mathematics,
Rasch(1960) proposes a simple model for describing the interaction which
occurs betWeen‘a student and a problem in mathematics: (1) the
compucational ability of'the student and (2). the difficulty of the
problem. These two factors are incorporated algebraically into a b
probability model that operates on the principle that the more able the

tudent is, the greater his or her chance of success will be; and the

‘morce difficult the problem is, the smaller the chance will be that the
'studEnt'will solve it (Wright, 1977).

Some anecdotal evidence existsAwhich proposes that representing math
verhal problems diagramatcgallvAmay reduce the difficulty the student

N s
experiences in processing the necessary information to appropriately solve

A
.

~those:problems. Pauk (1974), Thomas and Robinson (1977), Sherbourne
(1977), and Singer and Donlan iléSd) have suggested that by drawing an
analytic data diagram or picture of the verbal problem‘students can
visualiza and clarify facts, principles, and relationships that are less
evident from the words alone. In at least‘one“sﬁudy, some empirical
evidence exists that making a diagram to illustrate pertinent information
. . N
in a verbal»problem significantly improves students' ability to solve the

~
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p£g£lem (Sherrill, 1973). But, in all thgfe cases, the diagrammatics

_ were. student-generated and used as éigg to help the student understand

" the verbal problém. No studies were found where the authzrs of the'yerbal
problems presented thé pertinent ipfgrmation diagrammatically. What
would the effect om-studenf achigvgment be if.pe;tinent inf;rmation in
mathematical problems were preseng;d in diagrammgtical form? It may be
@bat when studentstare~able to carry out the neceséary cggpptational

procedures, presenting "verbal!' problems-in diagrammatical representation
, . . .

will decrease the difficulty of the problems and increase the probability

-~

that students will solve them correctly;:

More is known about students' sensitivity to the organizational

.features af verbal material. Rrurding (L970) studied pupils' factual
recall for passages with both pertinent and extraneous infbrmatiap. He

N 1 . ) . ) .
 found that _ecall was significantly greater for passages which featured

\

only pertinent information. A series of studies (ngwn & Sﬁiley,‘l977{
A - ,

Brown, Smiléy, Day, Towsend, & Lawton, 1977;1gnd Brown & Smiley, 1978) has
focussed on students' ability to “extract the’major‘points ffom verbal
passages. Results indicate that the more mature.prbcessor is able to

attend to the pertinent, or most informative material while the less able

¢ ~
student finds difficulty in ignoring extraneous, or less "informative

sections of the passages} The practical“aspect of thege findings for

sucess in problem-solving is evident. Effective channeling of pertinent

1

information and sensitivity to extraneous details in verbal -problems can

o *

— . L, :
insure successfu! nroblem-solving, again assuming that the students have
acquired the necessary computational ability for those probliems (Arter &
‘Clinton, 1974; Biegen, 1972;‘Blikegship.& Lovitt, 1976;‘and Faford, 1977).

. . . y
To date, we are not aware of ,any prior studies where the combined effects
o .

of ggﬁresentin@ verbal 9rob1emsidiagrpmmaticglly and'featuring pertinent

4.




EroBlem—Solving°
4

- - . ~

{ . ‘ )

e~
'~

and/or eygraneous information on problem—solving ability was investigated.

é In general, the purpose of th1s study was to begin examining the
effects of manipulating the representation and organizational features

of the problems on the students' ability to solve them.  Our hope

Cu

was that this and,ﬁutufe studies will lead to instructional protocals

for improving students problem-solving/perfqrmance. Specifically,

e

this study'examined students' ability to solve mathematical percentage

problems'wﬂen they were preseuted either diagrammetitally or verbally

including pertinent-only or pertinent and extraneous igformation. Once
the students who demonstrated ability to compute percentage problems

were iqentified7 the following questions were investigated. Would

= :
students solve peféentage problems fepgesented diagrammatically more

v

successfuily than-tﬁe identical problems repreSQPted verbally? Would
these students solve percentage problems featuring pertinent-only

information more successfully than those featufing.both pertinent and
- o i " :
extraneous information? And finally, would the combination of representatio

.-and feature result in a hierarchx‘of'difficulty for solving percentage

hY

iy F-J ¢
problems? ' ‘ . o
\//_L ) . / " '
La
Method AR
Subjects Y i

Two hundred thirty-eight 10th through 12th-grade students enrolled

in an Algebra I'or II course at five public high schools in Lafayette,
Louisiana served, as subjects for the study.” These subjeets were identified
“from a populationﬁéf 670 by having demonstrated 80% or bettér on a

. . 6 .
screening test of percentage computational ability in a non-~problem-

AN - -
\,

v )
solving format. Algebra I and II students were used as subjects in the

study because, typically, percentages are assured to be mastered prior to

.

entry into these courses and because problem-solving is usually stressed

SO ) \ | . o [
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Instruments -
Py

Data analyzed in this study were from studept responses to items
involving peércentages on two instruments—-a computational ‘screening test
, and a problem-solving test. Peréentage problems were selected for use -

in the study because the :ability to apply knowledgeHéf p~rcentages is

recognized by persons- in a variety of occupations as an essential

‘

mathematical skill (Saunders, 1980). Thehcoﬁputational instrument

-

of\B = "

—

included 10 percentage;items: one-half were théﬁtype "AZ
v . (one-step computation problems) and the other half were the type

"B - (AZ of B) = " (two:step problems). These items invoived only -

»perdentégps less than or equal to 100%. They‘included no ‘mixed

' petéeﬁtages (i.e., no percentage numerals -such as 56 or -13.5%), and

N - . - -

‘all items called for éhqle numeral answers. The order of the two types

¥y

of items on’theLIEStrument was randomly -assigned. Space was provided
. . N\ .
below each item for the students to show all their computations.

The problem-solving instrument included 10 items—-two each in the

following representations with these organizational features: (1)

3

i

diagragmé%&cal, pertinent-only informatior; (2) -diagrammatical, pertinent

and extraneous’ information; (3) verbal, pertinent-only information;

and (4) verbélx pertinent and extraneous infqrmation._ Eight different

- . .

problem—solving situations involving.percentages, four of.the type
A% of B = and four of the‘type B - (A%Z of B) = ,  were devised
to provide the basis for the items on the instrument. These eigh¥

_ problem-solving situations are briefly described below in Figure 1.

A o L}
Insert Figure 1 here =° -

| P -0
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Each situation was then stated in each oé the four representations with
‘ the organizational.fzatures described~a§ovg{ Each representgtion and ~
feature contained the same problem question (in proée p:cséntétion)
: ) ; .- !
appearing at the e;a of thé verbal problems and at the‘bottom of the

diagrammatical problems. For example, one p;oblém—solving situation

~ involved determining the interest earmed on money placed into a savings
. . .

. a ,
account. As shown in Figure 2, th!: rroblem was construc?ed in diagram- :
matical and verbal representatiens - : .7 pertinent-—only and pertinent-
extrzneous organizational feature: Thus, from the original eight

problem—solviﬁg situations devisea, a total of 32 items were generated.

e

Insert Figure 2 here ,
) ) . ) - . i

These 32 items were randomly assigned to four forms of the instrument:.

each form contained 2 of each kin&.df‘representatioﬁ and organi;ational
feature (e.é., 2 diagrammatical, pertinent-only, etc.) but only one of
the 8_problem—solving situations. A Latin Square desdign was %sed for - -
randomizing the assigrnment and-order of the items to each form to nullify
any possible.learning effects fFom one item to the'gext and to insure

4 éhat no one of the four forms of the insgrument wogld Bé m;re=or lessl

. difficéit»phan the other. Inladaition, each form Cthgineé 2 distractor

. »
~items, 1 diagrammatical representation with pertinent-only feapures and

1 verbal'representatiod‘with pértinent-only features. While each of the

. ) .
32 regular items appeared only once across the four forms, the same 2

disﬁracto: itens described above appeared on all four forms. App;oximately
four items appeared on each page of the four forms of the instrument with

work space provided édjacent to-each item for the students, to show their

computations. A cover—sheet.for the instrument- contained demographic.

{ . >
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questions (i.e., name, school, grade-level, math course title, and sex)

.anid instructions for completing the instrument. The reading difficulty

-

levéi of the verbal representation items was computed to be between
the 5th and 7th grade level, according to the Raygor Readability
Estimator And the Fog Index Readability formulas.

)

\

Procedure - . ' ' . ' )

s

The instruments described above were administered to the original

732 subjects during a’three-week_period in éeptember, 1980, .by trained

testers (graduzte students in statistics). The testers replaced the

classroom teachers duting one regularly-scheduled 55-minute mathematics

‘class period and administered both instruments. Students\were not told

before hand what type of mathematics problems they would see on the

,‘ instruments. To prevénﬁ the posslbility that the percentage computatiorn
‘test might prompt the Students as to the types of mathematical computations
they should use on the problem-solv1ng test, the problem-solv1ng 1nstrument

.was administered first. Each student was randemly distributed one of “the

=%

four forms of thls instrument so that approx;matelj one—fourth of the studer

\( . (1\(
in each classroom group completed each of the four forms. No time limits

g
. o

. S
were invoked for this instrument, and all students completed it within
approximately 25 minutes. The Stest administrators then collected the

problem-solving instrdmente distributed the computational screening

~
?

instrument:, and presented the directions as described above. All the
Students\completed this instrument within approximately 15 minutes.‘ For
both instruments (though not directly applicaple for the present study),
students were- expressly encouraged to show all of their Jottm\és and
mathematical computations for each item in the spaces provided.

Yy

Foritﬁe'purposes of this study, only the data from the problem-solving

O ‘ ‘ ) 7 ) - 'L : . ] . -




L}
, . o ’

Problem-Solving
8

S

instrument of those students who scored 80% or better on the

conputational screening instrument were analyzed. Data for items on the

-~

<

problem-solving instrument were bivariate: each item fer each student

was scored as either correct or incorrect. These data were divided
for analyéis accordiqg to the two types of percentage problems included
. .
on the insérument—jType I refers to "AZ of B" one-step problems and
Tybe II refers to ”Bj— (AZ of B)" two-step problems. The da;a for the
two types of percentage pro lems were then analyzed using an.analysis
of vafianée for the following three variables: forﬁ (of the insrrumeﬁts),
textual constraint-(kind of représentation and orgar.izational feature),
and item. Orthogonal contrasts were used to identify effeéts of )
reprecentaéion (diagrammatical vs. ve;bal) and organizational featdre
(pertiasn; vs: éxtraneous\i?formation). Finally, a two-sample t-test
was used to determine diffef;nceé between the Type"I and Type II,-

percentz.e problems.

Results ‘ {

A

fhe number of copies of the different forms of the problem-solving

instrument available for analysis depended on the number ¢f students
. {

taking each form who achieved 80 percent or better on the #omputationalv

instrument. The totals are as follows: fifty-nine completed Form 1;

fifty~two each completed Forms 2 and 3, respectively; and seventy-tive

completed Form 4. Results of the analysis of variance for forms, items

and textual constraints for Type I percentage problems are presented in

v

Iable l- )

~ ;nsert Table 1 here
e > _ N

. ) N . f
As sho;;?in the table, the results indicqte that, at a P-value of

g ,
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.02,'the}e was a significant diffefence.betwéen the textual conscraints.
Further énalysig using orthogonal contrasts indicaged that a highly
significant difference (p ¢ .001) existed between the orgénized

features éf pertinent-only and extraneous information. :Tﬁe mean number

\ N ) . a: . I
- of correct responses for the pertinent-only features was 43:1 and 29.5

\

for the extraneous features. No sigﬁificant differences (p > .20) .were

found between the diagrammatical and verbal representations. ,§;
signi;icant differenceé (p » .10) were f6;;d to exist between the
randomized ordering of the items on the four_forms of the insgrumeﬁt.
Aithough the items were raﬁdémly assigned to the four forms aceording to
rhe Latin Square design to assure that no one form wouldlbe more or less
aifficult than the othér, a significant difference (p < .02 bétween
the forms for Type I items was found. This difference, however was d@g
to the fact that more Form 4 instruments were included in tﬂe aﬁ;lysis
than the’bther‘forms. The mean ﬁumbgr of correct responées.(of four -
items per.fofm) to Type I percentage prbblems for.the fourhforms were:
Form lj—Z.OS;'Fofﬁ 2—-2.60; Form 3——2.50; Form 4--2.60. (Note: kThe only
analysis afrfected by varying 4umber of the different forms used was thé

3

comparison of difficulty of the forms).

£

Insert Table here'

4 summéry of the analysis of variance for forms, items and textual
constrailnts Eor Type II percentage problems is€3réseﬁted in Table 2.
Results of'the anafysis of variance indicate that, at a P—vaiue of .04, thLe:

. was a significant diffefence between the textual constraints.-‘Aéain,
further analysis using orthogonal coﬁtrasté showed a significant

differences (p < .02) between the organizational features. The mean *

7
! P

o~ T
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number of" correct responses for.the pertinent-only feature items was
32.37 and the mean for the extraneous feature items was 28.0. Although
the assignment of items to form and order of items presentation was
randomized according to the Latin Square, significant differences were
found- between both the forms (p < 002) and the items (p < .004) for

rype‘II-gtems., As occurred for the pe 1 items, significant differences

- between forms were due to more Form &4 instruments having becn completed

than the others;‘ The mean number of correct responses (ofta_total of four
items) for each form was: Forn~l—~2.10;;fcrm 2--2.08; ?orn 3-;l.85;
Form 4--2.01. (See previous ncte) Using Tukey's multiplercqmparisons
test, Iten Sx(see Figurel) was determined‘to be significantly /feasier ’
(% = 37.0) than the other "B - (A% of B)" items: ¥ (Itfem «67"'}= 29.75,
X (Item 7) = 28.25, and X (Item 8) = 24.75.

The results of a two-samgple t-test for identifying differences
between the Type I (X = 36. 5) and Type II (X = 29. 9) percentage problems

showed a t-score of 3.91. At a P—value of 005 Type II "B - (A% of B)"

?two—Step percentage problems were found tQ be significantly more difficult

than Type I "AZ of B" 5ne-step problens.

¢

Discussion

In response to the first question posed in this study, the data.
indicate that students' problem-solving success was nét significently
affected by representing percentage probleus diagrammaticaIIV.

Evidently, the students who are able to compute percentage problems
would not benefit from dealing with diagrammatically representéd probiem—
solving situations before- they are exposed to verbval problem situations.

~

At first we were somewhat.surprised to find that presenting»mathematical

-

problems diagrammatically did not Si°nificant ly decrease difficult ty.

SN 11
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The subjects.in our study, however, had already mastered the computa-
ional aspect of problem-solvirg. Prior support for the use of diagram-
matical representation has beeh given for the marginally successful
student; -and the representation has been viewed as an aid to problem-

. LY N
solving ability. A subsequent anzlvsis of _hose data which includes:

[N

students whose mastery of the percentage computations was marginal (i.e.,
between 50% and 70% on the compu:ation instrument) might indicate that
diagrammatical representation of mathematical problems dces decrease

the difficulty of thcse problems.

Turning to a discussion of the second question, subjects"problem—
solviqg ability Qas powerfully affected by the presence of extraneous
organizational features in the items. - The subjects' scores on those
items which included pertinent-oaly information were significantly
higher than those scores on items which also featured extréneous inform-
ation. This finding swpports the contention of Arter and Clintoﬁ(l974),
Biegen (1972), Faford (1377) and others that success in problem—solvigg
is dependent on effective channealing of pertinent features with sensitiv-
'ity'to‘extraneous information. We see this finding as an elaboratioé
upon the work conductéd by Brown and Smiley (1977) and others who have

- ! .
concentrated their efforts on anlyzing students' a?ility to extract '
meaningful information from non-mathematical prose. Hcwever, their
studies to examine learners' progress fré& immature to mature processors
of text prcse pfovide promising procedures for studying inference-making
and ﬁroblem—solving ability. Further studies are pecessﬁry which helpv.
to identify mature learners' awareness df‘the skills necessary to make

inferences and solve problems, and then to provide to both the mature

and immature learner an effective schema for developing and applying

3
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those crucial skills.
In response to the third question,‘we‘presently are not able to note

a specific hierarchy of difficulty of problem~solving situations on the ¢
basis of repre;entation.and organization of features. In this initial
investigatiop, we determined only generally that inathematical percent-
age problems which included extraneous features, whether .repr<sented

diagrammatiéally or verbally, were more diffizult to solve than those

L
Ty

problgms which contained only pertinent inférmation, also whether repre-
sented diggrammatically'or verbally. In terms of '"type" of problem in-
3vestigétéd, probiemsﬂof the type "A%Z of B" were more succéssfully solved
‘than those of-thé type "B - A% of B”;~ These.résults support the research
conducted by Rasch (l960)_and Wright (1977) which showed that two-step
mathemafical_problems are more difficult to solve than one-step problems(%
Thus, with these subjects, the hiera;chy of d;fficulty tvas depgndént upon
" the type of mathemétical percentage ﬁféﬁiém along with the organization of
the information, not upon the representation of the problem situation. |,
Investigation eopcerning students{ ébility toAmake iﬁferénces and
sélve problems under various mainpﬁla;ions of r§prese£tation and organi-
zational features 1is just beginning. Further Q;udies'involving students
at al; levéis of ability with a wider variety cf representations and organ-
izationéihfeatures are necessary to close in on effecti&e strategies'for
solving problems. This line of research has an exciting nature about it;

it serves to combine the recePt‘EEforts of the cognitive psychologists and

reading specialists to analyze prose structure and schema with the work
done by the mathematics specialists to develop learmers' problem~solving
: M-

ability. The better we are ‘able to determine what and how representation

and organization of features influence the difficulty of mathematical -
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» problem situations, the better able we will he to devealop strgtegies
i

which are effective for helping students apply them and improve their

ability to solve problems.

iy

k'S
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s Table 1
. Analysis of Variance of Type I
A Percentdage Problems
Source SS . daf MS F P-value
\\ s ° .
!
' Forms - 850.19 3 283.97 7.99 < .02
Items - 345.19 3 115.06 .26 > .10
Textual Constraints 783.19 3 261.06  7.36 < -.02
\.
Contrast Representations 18.06 - 1 18.06 .51 > .20
(Diagrammatical vs.
Verbal)
-Contrast Features 742.56 1 - 742.56 20.93. < .001
(Pertinent vs, Ex-
traneous)
Remainirg | 22.57 1 22.57° .64 > .20
Error - . 212.88 6. 35.48
ki
N
< ¥
: ,
“ ~.

17
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- Table 2
: _ 1
Anélysis of Variance of Type II
Percentage Problems ' \
Source ‘ “ SS df MS F P-value
r .
Forms 424.19 3 141.40 20.02 < .002
if : v Sk . )
/ Items 318.69 3 106.23 15.046  <\.004
. ‘5; Textual Constraints 107.69 3 35.90 5.08 < .04
’_’“—-J§ N Y . ‘ (4’
{%h -==Contrast Representations 7.56 1 7.56 1.07 > .10
(Diagrarmatical vs. :
Verbal) '
; Contrast Features - 95.06 1 95.06 13.46 < .02
(Pertinent vs. Ex-
-traneous)
Remaining = | 5.07 1 5.07 72 > .20
] Error . . 4238 6 7.06
~ \ “ Q"‘

Frl
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< ,Figure 1
~
_ Problem-Solving Situations for Percentage Prcblems
‘ . \
_ ‘A% of B Problems: .
N % } . N s . .
Item number Description )
i ' . Determine the interest. on money. placed in a -
L - savings account i f.
2 - Determine the tax to bé paid on a restaurant bill
3 ~ Determine the amountcof weight reduyced on a diet
4 Determine the amount of cheese eaten by a mouse
.B - (AZ of B) Problems: i R
5 : N Determine length of jeans after a percentage
of shrinkage _ - ¢
6 Determlne length of board after a percentage
of cutting
7 Determine liters of gas remaining after percentage
used . - ..
) e : Determine-deptn of lake after percentage of drop
in wateB level
~. ¢
- _ \\;;
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Example of Representation and Organizational Features

P

. in a Proplem-Solving Percentage Problem
(3 . - .
. ' / . L
" P ' ~o ) . v . “Yearly Laterest l
Reses
i $80.00 Loty Sings
. 15% Loons
N . —_ ﬁv* / [ L2% Mofoege
| - SAVIN GS
- Yearly Intesests) - i
Mkt LOANS
Rates en Saviagg X"
el \
©
10% .
How much money will Sandra earm in _ - . How much money will Sandra eamrn
interest during the cgming vear? ir intereést during the coming vear?
Diagrammatical Representation . Diagrammatical Representation
with Pertinent-Only Organiza- with Pertinent and Extraneous
tional Features : Organizational Features
3
= )
( ’ .
) ,
g
' -
Sandra went to the bank this morning. She
. pat $80.00 into her savings account. The
Sandra put $80.00 into her savings - yearly interest rate on savings accounts is
account. The yearly interest on . 10%. The yearly rate on ‘oans at the bank
savings accounts is 10%. How much is 15%, Mortgages are going for 13%. How
money will Sandra earn in interest auch money will San dra earn in 1nterest
ring the coming vesr? 2 . during the commg vear?
- Verbal Representation with o Vérbal Representation with
Pertinent-Only Organizational - - Pertinent and Extraneous
C o FEALUTeS — e - Organizational Features--- -
. , -
'\,\ .
/ . SN



